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Abstract. We prove that there is a structure, indeed a Hnear ordering, whose 
degree spectrum is the set of all non-hyperarithmetic degrees. We also show 
that degree spectra can distinguish measure from category. 

1. Introduction 

Slaman [Sla98] and Wehner [^^'c4l98] independently proved the following theorem 
(with a third proof later provided by Hirschfeldt [HirOG]). 

Theorem 1.1. There is a countable structure Ai such that for any set X, X 

computes an isomorphic copy of M if and only if X is not computable. 

Theorem 1 . 1 fits into the general research programme of classifying degree spectra 
of countable structures. Recall that the (Turing) degree of a structure M whose 
universe is a subset of the set of natural numbers uj is defined to be the degree 
of its atomic (equivalently, quantifier-free) diagram; and that the degree spectrum 
Spec(A^) of a countable structure is defined to be the collection of Turing degrees 
which compute an isomorphic copy of Ai . Classifying degree spectra of countable 
structures amounts to finding which computability-theoretic aspects of a set X 
of natural numbers are refiectcd in the isomorphism types of countable structures 
which X can effectively present. Equivalently, the question is how much of the 
richness of the structure of the power set of the reals (or the Turing degrees) is 
reflected in the substructure consisting only of the degree spectra of countable 
structures. In other words, we ask which properties of sets of Turing degrees can be 
discerned by restricting to nicely definable sets; in this instance, "nicely definable" 
means being a degree spectrum of a structure, which is a particularly nice 
definition of a set. In the example above, the Slaman- Wehner theorem says that 
being noncomputable is a property which is so definable. Even though there is no 
noncomputable set of least Turing degree, there is a single countable structure whose 
isomorphism type captures what it means for a set to contain any noncomputable 
information. 

Among properties of reals, being noncomputable is a "large" property, since the 
collection of noncomputable reals is co-countable. Recent efforts were devoted to 
understanding large degree spectra. Among the co-countable classes, Kalimullin 
[Kal07, KalOSa, KalOSb] investigated complements of lower cones: relativisations 
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of the Slaniaii-Wehner theorem to nonzero degrees. He showed that such a rela- 
tivisation holds to any low and any c.e. degree, but not to some A3 degree. Gon- 
charov, Harizanov, Knight, McCoy, Miller and Solomon [GHK^O-'j] showed that 
for any computable ordinal a, the collection of non-low^ degrees - those degrees 
a for which a*^"' > 0'"^ - is a degree spectrum. Among classes which are not co- 
countable, we can appeal to the notions of category and measure to obtain notions 
of largeness, namely being co-meagre or being co-null. For example, Csima and 
KalimuUin [CKIO] showed that the collection of hyperimmune degrees is a degree 
spectrum. This is a collection which is both co-null and co-meagre, but is not 
co-countable. 

The largeness notions given by category and measure are not compatible: there 
is a meagre co-null class, and also a null co-meagre class. In Section 4 we show 
that this incompatibility is reflected in degree spectra; namely that there is a null 
and co-meagre degree spectrum (Theorem 4.1), and a meagre and co-null spectrum 
(Theorem 4.2). 

It is not difficult to see that there can be only countably many co-null or co- 
meagre degree spectra. In fact, Kalimullin and Nics, and independently the authors 
[QMS 11] showed that any co-null degree spectrum must include the Turing degree 
of Kleene's O, the complete 11} set. One then wonders if this bound can be improved 
to be hyperarithmetic. Our main theorem shows, in a strong way, that it cannot. 

Theorem 1.2. There is a structure whose degree spectrum is the set of all non- 
hyperarithmetic degrees. 

This result has implications for higher degree structures. In [GMSll] it is shown 
that the Slaman-Wehner theorem fails for the degrees of constructibility: under 
standard mild set-theoretic assumptions, if for any non-constructible set X C a 
countable structure Ai has a copy constructible in X, then Ai has a constructible 
copy. Theorem 1.2, though, shows that the analogue of the Slaman-Whener theorem 
does hold in the hyperdegrees. In other words, there is a structure which is A\{X)- 
presentable in every nonhyperarithmetic set X, but has no hyperarithmetic copy; 
so the hyperspectrum of this structure consists of the nonzero hyperdegrees. 

Two lines of continued research present themselves. Further restrictions on de- 
finability arise from looking at degree spectra of structures in particular classes. 
It is unknown, for example, if the Slaman-Wehner theorem can be witnessed by a 
linear ordering. We show (Theorem 3.1) that Theorem 1.2 can: there is a countable 
linear ordering whose degree spectrum is the collection of non-hyperarithmetic de- 
grees. On the other hand. Theorem 1.2 cannot be witnessed by a countable model 
of an uncountably categorical structure. The argument is simple: if the degree 
spectrum of Ai contains all non-hyperarithmetic degrees, then the theory of Ai is 
hyperarithmetic; because the theory of Ai is hyperarithmetic in any copy of Ai, 
and there is a minimal pair of hyperdegrees. Khisamiev [Khi74] and Harrington 
[Har74], however, showed that if T is a countable, uncountable categorical theory, 
then every countable model of T has a copy computable in T. We wonder if the 
countable structures which witness Theorem 1.2 fall on one side of some standard 
watershed of the stability spectrum. 

We also ask which other complements of countable ideals of Turing degrees are 
degree spectra. There are only countably many such ideals. Is the ideal of arith- 
metic degrees a complement of a degree spectrum? KalimuUin's original problem - 
for which degrees a is there a structure Ai whose degree spectrum is the collection 
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of degrees b ^ a - remains open. There are only countably many such degrees, 
but we do not know any upper bound on them. Are they ah hyperarithmetic? The 
next natural test case is finding whether 0" is such a degree. A hazardous guess, 
based on a proof that all c.e. degrees are such degrees, asks if these degrees coincide 
with the Turing degrees which contain ranked sets. 

2. Relative to any non-hyperarithmetic degree 
In this section we prove Theorem 1.2. 

2.1. Discussion. Goncharov, Harizanov, Knight, MacCoy, R. Miller and Solomon 
[GHK+05] showed that for any computable ordinal a, the collection of non-lowa- 
degrees, namely those degrees d such that d'"^ > O'^"', is the degree spectrum of 
a structure M.a- We observe that a degree d is hyperarithmetic if and only if it is 
Iowq, for some computable ordinal a: certainly every lowQ,-degree is computable in 
0("), and so is hyperarithmetic; and for all computable a, 0^"^ is Iowq-.^^, as 

It follows that a degree d is non-hyperarithmetic if and only if it computes a copy 
of Aia for every computable a, and in fact, an examination of the proof shows 
that such a copy is computable uniformly from d and a. In other words, there is 
a Turing functional $ such that for any non-hyperarithmetic arithmetic set D and 
every notation a for an ordinal a in some 11} path in Kleene's O, ^{D, a) is a copy 

of Ma- 
lt would then seem natural to try to prove Theorem 1.2 by examining the disjoint 
union Ai of all the structures Ma- Certainly any degree computing a copy of M 
must be non-hyperarithmetic, and a non-hyperarithmetic degree can compute every 
component of M- However, a non-hyperarithmetic degree which does not compute 
Kleene's O will not know to apply $ only to notations of computable ordinals. It 
will therefore fail to compute a copy of M . 

To overcome this problem, we examine what happens when $ is applied to nota- 
tions for nonstandard ordinals. Restricting to a computable set of such notations, 
which is obtained from an overspill argument, overcomes the problem of working 
with the n}-set of notations. Essentially, we show that the structure ^{D,a) for 
notations a for a nonstandard ordinal is in fact computable, and does not depend 
on D or on a. In some sense it is the "ill-founded limit" of the structures AIq,. 
Adding this limit as a component to M results in the structure we are seeking. 

2.2. The proof. The proof of Theorem 1.2 relies on three ingredients: nonstandard 
ordinals, the Wehncr graph, and jump inversion for graphs. 

2.2.1. Nonstandard ordinals. H. Friedman (see [Sac90, 111,1.9]) used the Candy 
hyperlow basis theorem to construct a countable w-model of set theory which omits 
the least non-computable ordinal wp^. We fix such a model H. So is a model 
of ZFC (by which we mean, of course, that _ff is a model of a finite fragment 
of ZFC + V = L, sufficiently strong for our purposes). The well-founded part 
of H extends L^ck but has height wp^. There are non- well-ordered computable 
orderings of w which have no infinite descending sequences in H. These are the 
order-types of non-standard computable ordinals of H. 
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For all Z e 2" n i7, and every i7- notation a <E , the a*'' iteration of the 
Turing jump of Z is a well-defined element of 2" n H . This is compatible with the 
standard definition: for a standard notation a, Z^"^ as computed in H agrees with 
the value computed in V . This follows by induction on a, or simply by absoluteness 
of A}(ZFC) facts between H and V. 

We fix an ill-founded computable ordinal 5* oi H. We identify 6* with an clement 
of , the collection of a G N which H believes are notations for computable 
ordinals. From this notation, which we also call S* , we can obtain a computable 
linear ordering of uj which is isomorphic to S*; we call this linear ordering S* as 
well. An ordering such as S* , which is ill-founded but has no infinite descending 
hyperarithmetic sequences, was first constructed by Harrison [Har68], who also 
showed that his ordering supports a jump hierarchy. The maximal well-founded 
initial segment of 6* is wf^. We choose 5* so that in H, it is a limit ordinal 
which is closed under ordinal addition and multiplication; and we choose the linear 
ordering 6* so that the operations of ordinal addition and multiplication on the left 
by UJ are computable on S*. This can be achieved, for example, by taking 6* to be 
a power of a power of w. 

2.2.2. The relativised Wehner graph. A relativisation of Wehner's proof of the 
Slaman-Wehner theorem (1.1) yields, for any set X of natural numbers, a (sim- 
ple undirected) graph Gx whose degree spectrum does not contain degrp(A") but 
does contain the degrees strictly above degT(Ar). The construction yields a total 
operator: a Turing functional $ such that for all oracles X, ^{X) G 2" is total. 

Theorem 2.1. There is a total Turing functional $ such that for all X and Y in 

2"^, $(r,X) is a graph, and ^{Y,X) ^ Gx if and only ifV^T X. 

2.2.3. Jump inversion for graphs. The structures Ada mentioned above were ob- 
tained in [GHK+05] by inverting the Wehner graph CJgcc) . Replacing the edges of 
the graph by pairs of linear orderings built from Z", the authors show an a-jump 
inversion for graphs: an operation taking a graph G to a structure J\f such that for 
all X G 2^, X computes a copy of Af if and only if X^"") computes a copy of G. 

We show that this jump inversion can be stretched to the nonstandard ordinals, 
in which case it produces a uniform computable structure. To state the following 
theorem in a uniform fashion for both finite and infinite computable ordinals, we 
need to shift the infinite indices by 1 (as is done in [AKOO]). We discuss this in 
greater length in Subsection 2.4.2. Let Z G 2". For n < uj, we let Z(„) = Z'"'. For 
a G [uj,uj^^), we let = E Z e H, then for aU a G (uj^^)" \uj^^, we 

also let = 

Theorem 2.2. For any graph G and a < 5* there is a structure G"" (in a fixed 
language C ) with the following properties: 

(1) For a < wp^, for any X G 2^, if X computes a copy of G^" , then X(^2a) 
computes a copy ofG.^ 

(2) For a, /3 G (5* \ uj^^, and any graphs G and H, G"" ^ H"'^. 
Moreover, for any total Turing functional $ there is a Turing functional 5* such that 
for all X £2'^, a < S* and all graphs G, if <S>{X, 0(2„)) = G then '^{X, a) = G"". 



In fact, a set X 6 2" computes a copy of G^" if and only if X^2a) computes a copy of G. 
This follows from a relativisation of a lemma below; but this equivalence is not necessary for the 
proof of Theorem 1.2. 
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The isomorphism type of G~" depends only on a and the isomorphism type 
of G. We fix a structure G~°° such that for any graph H and any a G (5* \ wf^, 
Q-oa ^ fj-a -ftrill sec that G~°° has a computable copy. 

2.2.4. The proof of Theorem 1.2. Before we present the proofs of Theorems 2.1 and 
2.2, we show how to use them to prove Theorem 1.2. The structure A whose degree 
spectrum is the collection of non-hyperarithmetic degrees is the disjoint union of 
^0(2 ) ^'^^ a < 5* ■ In other words, A is the disjoint union of G'^^ ^ for a < wp^ and 
infinitely many copies of G~°°. Formally, the universe of A is the disjoint union of 
the universes of the structures Afa = , a < d* , with an added equivalence 
relation whose equivalence classes are the various A/'q's. 

We show that a set X computes a copy of A if and only if it is not hyperarith- 
metic. 

For a < wp^, if a set X computes a copy of J\fa then X(2a) computes a copy 
of G0|2^j, whence Xf^2a) >t 0(2q)- As we argued above, if X is hyperarithmetic, 
then there is some computable ordinal /3 such that for all computable ordinals 
7^/3, X(-),) =T 0(7)- It follows that if X is hyperarithmetic, then there are 
computable ordinals 7 such that X does not compute a copy of Af-y , and so X does 
not compute A. 

On the other hand, if X is not hyperarithmetic, then for all a < wf^, X 
0(2a), and so ^{X, 0(2^)) = Gg^^c) ' where $ is the functional guaranteed by Theorem 
2.1. If is the functional obtained from $ by Theorem 2.2, then it follows that 
^{X,a) = Ma. Certainly for a e S* V^p^, we have ^'{X,a) = G~°° . Hence the 
disjoint union of the structures '^{X,a) for a < 5* la an X-computable structure 
isomorphic to A. 

This completes the proof of Theorem 1.2. We can think of this proof as follows. 
The component Na of A can be thought of as the result of diagonalising A against 
the a*'^ hyperarithmetic structure. As we shall shortly see, the graph G^j^^^^ is 
obtained by aggregating all possible ways that a finite initial segment of a set 
X 0(2a) codes into the graph the fact that it enumerates a set that 0(2a) cannot 
enumerate. This process ensures that the result does not depend on X. The 
jump-inversion operation then translates this information, coded directly into the 
atomic diagram of G(j)^^^^, into the S^a'^iagram of A/k- This translation involves a 
certain amount of "overwriting" ; the raw information present in the graph Go^^a) 
is homogenised, or diluted, so that only an iteration of the jump of length 2a, 
and no shorter, can recover it. If a is nonstandard, then this dilution process 
completely overwrites all the information in the graph produced by X as it attempts 
to diagonalise against 0(2q). We have no control over this graph, as it is possible 
that X is nonhyperarithmetic yet is computable from 0(2a)- Overwriting all the 
information coded in this graph ensures that we produce Afa = G^°° , which again 
doesn't depend on X. 

Note that in our construction, it is unimportant that A is an unlabellcd disjoint 
union of the components Afa', we could have also built a labelled disjoint union, in 
which the component Afa is defined by a unary predicate indexed by a. This shows 
that it is not important that for nonstandard a, G~" does not depend on a; what 
is important is that it does not depend on G. 
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2.3. The Wehner graph. We prove Theorem 2.1. As we mentioned above, this 
is a relativisation of Wehner's proof of Theorem 1.1. 

For a set X G 2", consider the fohowing family of finite sets: 

J'x = {{e}®F : e < w, F C w is finite, and F ^ W^} . 

Recall that for a set ^ C w^, for all n < w we let AI"! = {x : {n, x) G A}. For any 
countable collection J- of subsets of w, we say that a set A C u'^ is an enumeration 
of J- a J- = : n < (jj}. We say that a set Y can enumerate J- is there is an 

enumeration of J- that is Y-c.e. 

Proposition 2.3. No set X can enumerate Tx- 

Proof. If X were able to enumerate Tx-, then X could compute a function / such 
that for all e, W^^g) is a finite set different than . This would contradict the 
recursion theorem. □ 

Proposition 2.4. There is a c.e. operator V such that for all X and Y X, 

V{Y,X) is an enumeration of Tx- 

Proof. Let X, F G 2'^. For each n < w we enumerate V{Y, as follows. Suppose 
that n = (e, u, sq). We start by letting 

V{Y, Xt} = {e} ®Du = {2e} U {2x + 1 : x G !?„}; 

here D„ is the u"^ finite set of natural numbers. At every stage s > sq, if we see 
that V{Y, = {e} © W^^^, then we enumerate 2x + 1 into V{Y, X^^^l^, where x 

is the least element ofY ®Y which is not in V(Y, . Here Y = uj\Y . 

Let {e} © F be an element of J-x- There is a stage sq such that for all s ^ sq, 
F ^ Wf^,. U F = Du then V{Y,X)^"^ = {e} ® F where n = {e,u, Sq), as we set 
V{Y,X)l^g = {e} (B F and never enumerate other elements into V{Y,X)^"^ at any 
later stage. So C : n< w}. 

Suppose that Y -'^^ Pick any n ~ (e, u, sq); we claim that F(y, is finite 
which, by the construction, implies that G Jx- The reason X)!"] 

it is finite is that F © F is not c.e. in X. If there were infinitely many stages at 
which new elements were enumerated into V{Y,X)^"'\ then we would end up with 

{e}®w^ = = {e}©(i^„u(r©F)), 

whence Y (BY would be c.e. in X, yielding Y X. □ 

Now, following Knight (see [AKOO]) and Khoussainov [KliobG], we code families 
of sets in graphs. 

Definition 2.5. Given a set F C w, we define the flower graph G{F) of F as 
follows: We start with a vertex v, and for each n G F we add a cycle of length n + 3 
starting and ending in v. 

Given a family of sets F, we define the bouquet graph G{F) of F to be the disjoint 
union of infinitely many copies of G{F) for each F E F, together with infinitely 
many isolated vertices. 

Lemma 2.6 ([AKOO, Kho86]). For any countable collection F of subsets ofuj, a 
set Y can compute a copy of G{F) if and only if Y can enumerate F. 
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This equivalence is uniform: there is a total Turing functional A such that for 
any set Z and any index e, if J^^ is the family enumerated by , then A(Z, e) is 



For X g 2", we let the Wehner graph Gx of X be the bouquet graph G {Tx) of 
the Wehner family J^x- Theorem 2.1 now follows immediately from Propositions 
2.3 and 2.4, and Lemma 2.6. 

2.4. Jump inversion for structures. We set out to prove Theorem 2.2. The 
theorem actually follows from an application of an overspill argument to Ash's 
nictatheorem (see [AKOO]); the relevant work here is by Ash and Knight, on pairs 
of structures [AK90]. This work was used in [GHK+05] to invert the a-jump for 
standard computable ordinals a. Ash's theorem has a complicated proof, and its 
full power is not required to prove jump-inversion for structures. This is why we give 
a complete proof. The construction we present has its roots in work of Hirschfeldt 
and White [HW02]. However, Hirschfeldt and White do not give sharp bounds for 
the pairs of trees they construct, whereas proving Theorem 2.2 does require these 
sharp bounds. Possibly our construction is not new, but we have not been able to 
find it in the literature. 

The main part of the argument proving Theorem 2.2 is the construction of 
uniformly computable structures Sa,o and 5a, i, for a < S* , which for standard 
a < wp^ discern A2q,_|_i predicates, and for nonstandard a & S* \ ^ have the 
same isomorphism type. This is the content of Propositions 2.11, 2.12, and 2.17. 
Here discerning Ajq,.,.]^ predicates means that the problem of detecting isomor- 
phisms to either Sa.o or Sa.i is Aja+i-complete. That is, given a structure TV, 
0(2a+i) i^g^j-^ determine if JV is isomorphic to Safi or iSq,i; and for any Aj^+i set 
X, there is a uniformly computable sequence of structures {-^fn) n<uj such that if 
n € X, then 7V„ = Sa,i, and if n ^ X, then A/'„ = Sa.o- 

The building blocks of the structures iSq,_o and Sa,i are fat trees, which we now 
define. 

2.4.1. Fat trees. We work with nonempty countable rooted trees of height at most uj. 
Usually, trees of finite height are defined to be partial orderings (T, <t) for which 
for all y G T, the collection of predecessors {x G T : x <t y} is linearly ordered 
and finite; rooted means that T has a <T-least element, named root(r). However, 
such a presentation of a tree T does not allow us to effectively compute the par- 
ent (the immediate predecessor) of a non-root element of T. Further, under this 
definition, a homomorphism f : T ^ S of trees does not need to take immediate 
successors to immediate successors, or the root to the root. To overcome this, when 
we consider them as structures, we add the parent function which maps every non- 
root element of T to its parent, and the root to itself. Note that the ordering <t 
is >CtJi,a;-dcfinable from the parent function, and so we may omit it when specifying 
a tree. 

Each such tree is isomorphic to a downward closed subset of (the collection 
of all finite strings of natural numbers), with the ordering given by extension; in 
other words, the parent unary function is interpreted as the function which chops 
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off the last bit of the string. However, it wiU be useful to use the general notion; in 
particular, we will use subsets of lo^^ which do not necessarily contain the empty 
string (). but which are trees under the ordering of string extension. 

Let T S be a tree, and suppose that H believes that T is well-founded. That is, 
H does not contain an infinite path of T . Then H contains a unique rank function 
for T: a function r from T to the countable ordinals of iJ, such that for all a; £ T, 
r{x) is the least upper bound (in H) of r{y) + 1, for y >t x. We let rk^ be this 
unique rank function, and let rk(T) = rk7'(root(T)).^ The range of rk^ contains 
every a < rk(r), in other words, range rky = {/3 : /3 ^ rk(r)} = rk(r) + 1. 

For any tree T and x ^ T, let = {y € T : y x} with the partial ordering 
restricted from <t; so a; = root(ra;). We have rky^ = rky \Tx, so T'k(Tx) = r'kT{x). 
We also let h.tT{X), the height of x on T, be the size of the set {y €T : y <t x}. 
The height ht(T) of a tree T is the supremum of the height of its elements. If T 
has finite height, then rk(T) = ht(T). If the height of T is w, then rk(T) is infinite. 
For any ranked tree T, for all k < lit(r), rk(T) = sup{rkT(a;) + k : htrix) = k}. 

If T is a hyperarithmetic well-founded tree, then the rank function of T is hy- 
perarithmetic (and the rank of T is a computable ordinal). It follows that the 
rank function of T (as computed in V) is an element of H; by A} absoluteness 
between H and V, we see that rk^ is the "true" rank function of T, and that 
rk(T) is computed correctly in H. In fact, for a hyperarithmetic tree T which H 
believes is well-founded, rk(T) < ^ if and only if T is well-founded, because if 
rk(T) < wf^, then the well-foundedness of rk(r) shows that T is well-founded. 

Definition 2.7. Let T be a tree which H believes is well-founded. The tree T is fat 
if for all X <E T, for all 7 < r'k.rix), there are infinitely many children (immediate 
successors) y of a; on T such that T'kxiy) = 7. 

If T is truly well-founded, then the fatness of T does not depend on the choice 
of H. The utility of fat trees is that they are universal for their rank. 

Proposition 2.8. Let S and T he trees which H believes are well-founded. If 
rk(S') ^ rk(T), and T is fat, then S is embeddable into T . If both T and S are fat 
and rk(S') = rk(T), then S and T are isomorphic. 

Furthermore, if both T and S are fat and are ill-founded, then they are isomor- 
phic, regardless of their nonstandard rank. 

Proof. An isomorphism /: 5 — > T is built by a back- and- forth argument, building 
an isomorphism from the roots up. Inductively, we map an element x € S to 
f{x) G T such that rks(x) < wf^ if and only if rkT(/(a;)) < wp^, and if so, then 
these ranks are equal. Fatness, together with the fact that wp^ is the well-founded 
part of the ordinals of H , shows that the induction can always continue. 

The embedding is similarly built, by a forth-only argument. □ 

Given any a < 5*, we can effectively obtain a computable (index for a) fat tree 
of rank a. This is done using the fattening operation on trees. For any tree T, 
let fat(T) be the subset of w^" which consists of the (nonempty) sequences of the 
form (root(T), (xi, tt-i), (x2,n2), ■ ■ ■ , (xfe, rifc)), where k < uj, ni, 712, . ■ ■ ,nk £ N and 
root(r) <T Xi <T X2 <T ■ • • <T Xk- It is easy to see that the fattening operation 
induces a computable map on indices of computable trees. 



Note that this notation differs by 1 from the standard set-theoretic definition, which lets 
rk(T) = rk(root(T)) + 1. 
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Lemma 2.9. // T is well-founded in H, then f at(T) is fat, and rk(f at(r)) = 
rk(T). 

Proof. The function mapping (root(r), (2:1,711), (.T2, '^2), • • • , {xk, "-fc)} to r'krixk) 
(and root(fat(T)) = (root(r)) to rk(r)) is the rank function for f at(r). The 
fact that for x £ T, the range of rk^^ is rkT(x) + 1 shows that f at(r) is fat. □ 

For a < S* , let Sa be the tree of descending sequences from a; 

Sa = {{ai,a2, ■ ■ ■ ,ak) ■ a > ai > a2 > ■ ■ -ak} ; 

the root of Sa is the empty sequence (). It is easy to check that for aU nonempty 
(ai, . . . , ak) 6 Sa, rk((ai, . . . , ak)) ~ ak, and so that T\{Sa) ™ ol', this is because 
for all a < 8* ,a — sup{/3+l : /3 < a}. We let Ta = f at(S'Q.); so Tq, is a computable 
fat tree of rank a, and a computable index for Ta is effectively obtained from a. 
We let Too be a fat, ill-founded computable tree. So for all a £ (5* \ wf^, 

Tc\ — Too ■ 

2.4.2. The adjusted hyperarithmetic hierarchy. Before we define the structures Safl 
and Sa,i, we explain why we modified the iterated jump and used the sets Z(^a) 
rather than Z'") (Subsection 2.2.3), that is, why we work with ^("+1) rather than 
Z*-") if a is infinite, but not if it is finite. 

Recall the following definition of the hyperarithmetic hierarchy. For each a < 
LOi^, we fix an effective listing (We,a)g<^ of the E° subsets of N. We let We,i = We 
be the e"^ c.e. set (or we could start with a = 0, if we like, by listing all the primitive 
recursive sets, say). Given Wi,p for all i < lu and /? < a, we let We,Q be the union 
of the sets Wi^p, where (i,/3) £ M^e n (a; x a). 

Note that in fact, this definition can be pursued in H, as we did with ranks of 
if- well-founded trees; this gives us an effective listing, for each a < S*, oi what 
H defines as the S° sets. These definitions are relativised naturally to any oracle 
Z e H, and for a < wp^, to any oracle Z £ 2". 

Now there is a discrepancy between the finite and infinite levels of the hierarchy, 
in the relationship between S° and 0*^"). For nonzero n < uj, 0'^"'-' is E°-complete 
(for many-one reductions), but for computable successor ordinals a ^ uj, 0(") is 
merely S° _i-complete. This is because for limit ordinals a, E° sets are effective 
unions of 11^ sets for /3 < a unbounded in a. Similarly, for n < w, a set is T,'^^^ if 
and only if it is c.e. in 0^"''; whereas for all a ^ w, a set is S° if and only if it is c.e. 
in0(").' 

We thus use the modification employed by Ash and Knight in [AKOO] to overcome 
this split between the finite and infinite case. For all Z £ if n 2"^, for all a < S*, 
a set is I]^^i(Z) if and only if it is c.e. in Z^a), and Z(^a) is SQ(Z)-complete. The 
same holds for a < wf^ for all Z £ 2'^. 

All of these equivalences are uniform. For example, there is a c.e. operator F 
such that for all Z £ 2", all a < and aU e < w, r(Z(„), a, e) = We,a+i{Z). 

2.4.3. The structures Sa,o and Sa.i- We use the fat trees Ta to define the structures 
Sa.o and Sa.i- Both will be pairs of trees, or labelled disjoint unions of trees. For 
trees S and T, the universe of the structure {S, T) is the disjoint union of S and 
T; the parent function is defined on both parts; and a unary predicate defines S in 
the structure. 
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Definition 2.10. For nonzero a < 6*, let <Sq,o = (Twa,Twa+i), and Sa,i = 
Proposition 2.11. For a, /S e S* \ cjf ^, Sa,o — 5^,o — Sp^i . 

Proof. All three structures are isomorphic to (Too, Too). Q 

The following proposition states that the isomorphism problem for the pair 
(Saflj'Sa.i) is 0(2Q)-computable, uniformly in a, in a relativisable way. Note that 
this problem is not trivial: for a < wp^, Sa,o ^ Sa,i, because T(^q, ^ Ti^a+i- This 
relies on the fact that a standard ordinal cannot be embedded into a smaller ordi- 
nal. This shows that the isomorphism between say iSq,_o and S^^i for nonstandard 
a cannot belong to H. 

Let (<I>e) be an effective sequence of all Turing functionals. 

Proposition 2.12. There is a Turing functional O such that for all Z G 2", for 

all nonzero a < wp^, and all e < ur, 

• If ^e{Z) = 5a. 0; then 8(Z(2q), a, e) = 0; and 

• If ^e{Z) = Sa^i, then Q{Z(^2a),C(,e) = 1. 

Proof. We analyse the complexity, for a < wf^, of the class of well-founded trees 
whose rank is bounded by a. We need to work in relativised form. For any Z £ 2^^ 
and a < wp^, let Ra{Z) be the collection of indices e < uj such that '^dZ) is total 
and is a tree whose rank is smaller than a. 

We show that for all computable a ^ 1 and Z G 2": 

(1) Rua{Z) ^T ^(2q); and 

(2) for all n < UJ, R^^a+niZ) is co-c.e. in Z(2a)- 

These are proved simultaneously by effective transfinite recursion on ^ (that is, 
on the well-founded initial segment of the computable well-ordering 5*). That is, 
by recursion on a < wp^, we define Turing functionals which given Z, a and n, 
produce a Z(2Q)-index for R^a{Z) (an index e such that $e(^(2a)) = Ruja{Z)), and 
a n2„_|.i(Z)-index for Ri^a+n{Z) (an index e such that We.2a+i{Z) = Lij\R^a+n{Z)) , 
recalling that a set is co-c.e. in Z^2a) if and only if it is li^^j^^Z). 

Since a tree has a finite rank if and only if it has finite height, R^ (Z) is Z(2) ~ Z" - 
computable, as the condition that ^e{Z) is total is Il2{Z), and the condition that 
^eiZ) has finite height is I^2{Z). For a > 1, given (2) for /3 < a, we in fact see that 
RuiaiZ) is S2ai bccause for any tree T, rk(T) < uia if and only if there is some 
(3 < a and n < uj such that rk(T) < lj/S + n. Wc then use the fact that Z(2q) is 
S2Q,-complete to see that Z(^2a) computes Ru]a{Z). 

Now for any a ^ 1, we see that for any n < uj, R^a+n{Z) is co-c.e. in R^a{Z), 
and then use (1). This is because for any tree T, rk(T) < Lua + rt if and only if for 
every a; G T of height n, rk(Tj;) < Loa. 

Now we define 6 as follows. Given Z G 2'^ , a < 5* and e < w, if ^dZ) = 
(S', T), then we run the co-enumeration of Ruia+iiZ) with oracle Z(2q,). We let 
0(Z(2a)ja, e) = 1 if wc first notice that rk(S') > uia, and output if we first 
notice that rk(T) > tua. Note, of course, that given Z(^2a) and a, we can effectively 
find Z; and that from a Z-index for [S, T) we can effectively find Z-indices for S 
and for T. □ 
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2.4.4. Hardness of the isomorphism problem. We want to code any Ajq^]^ set into 
an isomorphism problem for the pair iSq,o and Sa,i- We start with a recursive 
definition of the sets 0(q-) for a < 5* . 

Recall that we also consider 5* as a notation in . This means that for limit 
a < 5* we uniformly obtain a computable and increasing sequence (q!s)^<^^ which 
is cofinal in a. We may assume that for all s, (a,) is odd. 

For a successor a < 5* , wc let = a — 1 for all s. 

Lemma 2.13. There is a computable function f such that for all a < S* \ {0, 1} 

and all m Cz N, m ^ 0(|-,) if and only if for some s < uj, f{a,m, s) ^ ^{a^)- 

Furthermore, we may assume that if f{a,m,s) ^ ^{a,), then for all t ^ s, 
f{a,m,t) ^ 0(Qt); and that f{a,m,s) ^ s. 

Hence, either m ^ 0(q), and for all s, /(a, m, s) € 0(0^); or m G 0(q), and for all 
but finitely many s, f{a, m, s) ^ 9(as)- 

Proof. Let a > 1. Since 0(c) is I]° , we can find, efl^ectivcly in a and m, a sequence 
{e{t),f3(t)) (where /3{t) < a) such that m € 0(c,) if and only if there is some t < uj 
such that m ^ We(t),;9(t)- For all t we can effectively find sonic s = s{a,m,t) 
such that as ^ /3(i') for all t' ^ t. Since ^(a^) is -complete, this means that 
we can find a function / such that f{a,m,s) S 0(a„) if and only if for all t' ^ t, 
m g We(t'),/3(t')- S^^ /(o^' "m-js) ^ s by using the padding lemma. □ 

Using the fattening operation wc discussed in Subsection 2.4.1, we define two op- 
erations on countable sequences trees, mapping (indices of) uniformly computable 
sequences of trees to (indices of) computable trees. Let {Ti}-^^ be a sequence of 
trees. We let 

• supj Ti ~ fat (5), where S is obtained from the disjoint union of the trees 
Ti and identifying their roots into a single root. We also let 

• min,; Ti — f at(S'), where S is the collection of all nonempty strings of the 
form 

{{xo.o), (a^i, 0,2:14), (2:2,0, 2:2,1, 2:2,2), • ■ • , (2:^,0, 2:/c,i, • ■ • ,2:fc,fc)), 
where for each j ^ k and i ^ j, Xj^i £ Ti, Xi^i = root(Ti), and Xi^i <Ti 
Xi+ij <Ti • ■ ■ <Ti Xk,i. The root of S is ((root(To))). 

Lemma 2.14. Suppose that {Ti) £ H and that every Ti is well-founded in H . Then 

(1) rk(supjTi) = supj rk(Ti); and 

(2) rk(min,; Ti) = mini(rk(Ti) + i). 

Proof. Work in H. 

If supj Ti — f at(S') with S defined as above, then for all i and x G Ti\{root{Ti)} , 
rk5(x) = rkTi(a:). So 

rk(5) = sup sup (rkT;(.T) + 1) = suprk^; (root(rj)) = suprk(T!i). 

i<u: xeTi\{ioot{Ti)} i<uj i 

Let mini Ti ~ f at(S') with S defined as above. Suppose that a = (ao, (72, ■ • ■ , o'k) G 
S. Let (Tfe = {xii,xi, . . . ,Xk)\ so Xk = root(rfe). Then rks(a) < rk(rA,). To 
see this, consider the (non-injective) homomorphism / from Ss to T^, mapping 
(cTi, 0-2, . . . , (Tm-i, (yo, 2/1, ■ • • , Vm)) to ^fe. Wc scc by induction on rk(f) that for aU 
f G Sg, rk5(-f) rkTfc (/(r))). So for all tr G S" of height fc, we have rk5(s) ^ 
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r'k{Tk). If S contains elements of height k, this shows that rk(S') ^ rk(rfc) + k. 
Otherwise, rk(S') < k, so certainly rk(S') < rk(Tfc) + k. 

Now \ct k < oj such that for all i < uj, r'k{Tk) + k ^ rk(ri) + i. We show that 
Tfc is embeddablc into Sg- for some a ^ S of height k in S, whence we get that 
rk(5) sC rk(rfc) + k. 

For i < k, since rk(Ti) ^ rk(Tfc) + (/c — i), we can find a sequence root(Ti) = 
<T, <Ti ■■■ <T, XkA such that T'kTi{xk,t) > rk(Tfe). We let 

= ((a:^o,o), (a;i,o,a^i,i)' (a^2,o, 2^2,1' 2:2,2), • ■ • , (a:fc,o, ^^fe.i, • ■ • , x^.^-i, root(Tfe))), 

and set /(root(Tfc)) = (i. By induction on the height of ?/ G Tk, we define 
/(?/) so that f : Tk ^ Sg is an embedding. Let x e T^. have height m in Tfe. 
Suppose that f(x) has been defined, and that /(x) = (tq, ri, . . . , Tfc+m) with 
Tk+m = {xo,xi, . . . ,Xk+m) such that Xi e T;, rkTi(xi) > rkT^(x), and Xfc = x. 
Let ?/ be a child of x on T^,. For all i ^ fc + m, we can find some yi >Ti Xi 
such that T'^TiiUi) ^ rk7^^_(j/); wc also choose y^. = y. For i — A: + to + 1, since 
rkTi +(i - A:) ^ rk(rfe), we have r^{Tk) ^ rk(rj) + (to + 1). Since the height of 
y in Tfe is m + 1, rkT^,(2/) + (to + 1) ^ rk(Tfe). Putting these together, we get 
riiTkiy) ^ rk(ri), so rkj^i (root(ri)) > rkTfc(?/); wc choose = root(Ti). Wc then 
let f{y) = {to,ti, . . . ,Tk+m, {yo,yi, ■ ■ ■ ,yk+ni+i))- □ 

We define computable trees T^{m) for all nonzero j < S* , all to G N, and all 
(3 < S* . An index for T^{m) is obtained effectively from /3,7 and to. These trees 
are defined by working in i7, performing effective transfinite recursion on 7 < (5*. 
There are three cases: 

• 7 = 1: if TO ^ 0', then we let T^(to) consist of a root only. If at stage s 
we see that to S 0', then we let T^{m) = T^, using elements with Godel 
numbers greater than s. 

• 7 > 1 is even: we let Tj^{m) mins^™ T^^ (7(7, to, s)). 

• 7 > 1 is odd: we let Tj^{m) = sup,^^ (7(7, to, s)). Of course in this 
case, 7s = 7 — 1. 

Of course, here / is the function guaranteed by Lemma 2.13. Note that for all /3,7 
and TO, T^{m) is fat. We calculate ranks. 

Proposition 2.15. Let 7 e (5* \ {0}, and let m E N. 

(1) If ^ = 25 is even, then for all /3 ^ loS, 

(a) z/to ^ 0(^), then rk(T;f (to)) = /3; 

(b) ifm G 0(^), then rk(T;f(TO)) < ujS. 

(2) // 7 ~ 2(5 + 1 is odd, then for all j3 ^ uj5, 

(a) z/to ^ 0(^), i/ien rk(Tj^(TO)) = (^5; 

(b) z/to e 0(^), £/ien rk(T;f (to)) = /3. 

Proof. Working in H , we verify the proposition by induction on 7. 

For 7 = 1, we have 5 = 0. U m ^ 0(i) = 0', then Tl^{m) has only a root, and its 
rank is = ojS. If to. G 0' then Tj^{m) = Tg, whose rank is /3. 

Let 7 = 2(5 be even. For s < uj, let S's = {fil: fn, s)); so T^{m) = ming^m 5*5, 
whence rk(T^(TO)) = mins<a;(rk(S's) + (s — to)). For each s, 7s is odd: if 7 is a 
limit, then we required that 7^ be odd; and if 7 is a successor, then 7^ = 7 — 1 is 
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odd. Let Ss = L7s/2J, so 7s = 2ds + 1. For all s, Ss < S because 7s < 7. Hence 
j3 ^ ujSs. So by induction, rk(S's) = ujSs if f{j,m,s) ^ and rk(S's) = /3 if 

/(7,m,s) G 0(^^). 

If m ^ 0(^), then for all s, f (111,^,3) G 0(7^), so for all s, rk(5s) = /?. Then 
rk(T^(TO)) = niins^,„(/3 + (s — m)) = /3. If m g 0(^), then there is some t < lu such 
that for all s < t, f{j,m,s) G 0(7,), and for aU s ^ t, 7(7, m,s) ^ 0(7,)- Hence, 
for all s < t, rk(S's) = /?, and for all s ^ t, rk(S's) = ujSg. Since 6s < S, we have 
ujSg + s < ojS p. It follows that rk(T^(m)) = i^^max{t,Tn} + rnax{t, to} — m < ojj. 

Before we check the odd case, we note that rk(T^(TO)) ^ w(5,„; this, because {6s) 
is non-decreasing. 

Now let 7 = 2(5 + 1 be odd, so 7 — 1 = 25, and for all s, 7^ = 7 — 1. Again 
let Ss = r^^(/(7, m,s)). In this case T^(m) = sup^^„5's, and so rk(r^)(TO) = 
sup^^^ rk(S's). Noting that 7— 1 is even, induction shows that if /{-j, m, s) ^ 0(7_i), 
then rk(5's) = /3(s), and if f{j,m,s) G 0(7_i), then rk(S's) < uj6. 

If m G 0(7), then for all but finitely many s < lu we have 7(7, m, s) ^ 0(-y_i); so 
for all but finitely many s, rk(S's) = /3; for other s, we have rk(S's) < uj6 ^ (3. In 
this case, rk(T;^(m)) = sup^ rk(S's) = l3. 

If m ^ 0(^), then for all s, f{-f,m,s) G 0(7-i), so for all s, rk(S's) < ujS, so 
rk(T^(TO)) uj6. However, we checked that rk(S's) ^ ujS f(^^„i,s): where 6t = 
[(7 — l)t/2j. As f{'^,m,s) ^ s, rk(5s) ^ uj6s- Since sup^ (5s = S, we have 
rk(Tf (to)) ^ W(5. □ 



We can now finally show the A2Q,^2"hardness of the isomorphism problem for 
the pair {Safi,Sas)- 

Lemma 2.16. Let a G (5*\{0}. If A 0(2ct), then there is a uniformly computable 
sequence of structures {■N'n)n<cu) ^^ch that for all n, 

• if n € A, then 7V„ = Sa^i; and 

• if n ^ A, then Mn — Sa,o- 

Proof. Let g : w — > w be a many-one reduction of A to 0(2q+i) , and /i be a many-one 
reduction of w \ A to 0(2a+i). We then let 

= (T2T-,Y(3(")): T-^"^iih{n))) ■ □ 

In fact, this hardness is uniform, given a and the many-one reductions of A and 
its complement to 0(2a+i). Moreover, it can be relativised. 

Proposition 2.17. For any total Turing functional $ there is a Turing functional 
^ such that for any set X and any nonzero a < 6* , for all n, 

• if 0(20),"-) = 1, then ^{X, a, n) = Sa.i; o,nd 

• z/$(A,0(2a),ri) = 0, then^{X,a,n)^Safi. 

Proof. Wc may assume that for all X, Y and n, ^{X, Y, n) G {0, 1}. The compact- 
ness of 2" shows that we can regard $ as a truth-table functional (this is Nerode's 
theorem [Ner57]). There is a computable sequence of pairs of (canonical indices 
for) clopen subsets C„ and Vn of 2", such that for all X and F, ^{X,Y,n) = 1 if 
and only if X G C„ and F G 2?„; otherwise <^{X, Y, n) = 0. 
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The set of rt < a; such that 0(2a) G T^n is computable in %(2a)i uniformly in a. 
By the uniform version of Lemma 2.16, there is a uniformly computable array 
{^a,n) ^^g, n<Lj structurcs such that for all nonzero a < S* and all n < u, 

• if 0(2a) £ 2?„, then Afa,n = Sa^, and 

• if 0(2q) ^ 2?n, then Afa,n = Sa,Q- 

The functional is now defined as follows: given X, a > and n, ii X ^ Cm then 
we output Saft] if X G Cm then we output Afa,n- D 

2.4.5. r/ie proof of Theorem 2.2. Let a < S* , and let G be a graph. If a = 0, then 
we let G~° = G. If a > 0, then we let G~" be the structure obtained from G by 
replacing every edge by a copy of Sa.i, and every non-edge by a copy of Sa,o- As we 
mentioned above, a similar construction in [GHK+05] uses pairs built from linear 
orderings of the form Z" instead of Sa^ and Sa^i. 

Formally, a unary predicate V defines in G^" the set of vertices of G. A ternary 
predicate D defines a partition of G~" \ V, the classes of which arc indexed by 
pairs of elements of V. Adding the language of Sa,i, for a,b G V, D{a, b, — ) is the 
domain of either iSq,.o or Sa^i, depending on whether the edge (a, b) is in G or not. 

To prove part (1) of Theorem 2.2, we need to show, for all nonzero a < wf^, 
that if a set X computes a copy of G~", then X(^2a} computes a copy of G. The 
isomorphic copies of G~" arc the structurcs _ff ~" for H = G; so it suffices to show 
that if a set X computes G^", then X(^2a) computes G. 

Say X computes G^". Then X computes the set of vertices V of G. To recover 
the edges of G, for a,b G V, X(2a) examines the structure Mafi in G~" whose 
domain is D{a, b, — ); an X-computable index for Ma^b is effectively obtained. Using 
the functional given by Proposition 2.12, X^2a) can tell if Ma.b is isomorphic to Safi 
or Sa.i, and so decide if (a, b) is an edge of G or not. 

We note that this process can be reversed; say X(^2a) computes G. Then using 
a relativisation of Lemma 2.16 to X, which is possible for standard a < wf^, we 
see that we can indeed X-computably replace the edges of G by the correct copies 
of either Sa.o or Sa.i- We noted, though, that this direction is not needed for the 
proof of Theorem 1.2. 

Part (2) of Theorem 2.2 follows from Proposition 2.11. For any countable graphs 
G and H, for any nonstandard a, /3 G (5* \wf ^, we have G~" = H~^; this is because 
Safl = Sa.i — Sp,o = Sp^i. Note that this structure, G^°°, has a computable copy. 

We turn to the last part of the theorem. Given a total Turing functional $, we 
need to construct a Turing functional such that for all X G 2", a < S* , and 
all graphs G, if <I>(X,0(2a)) ^ G then ^{X,a) = G"". We use Proposition 2.17. 
Given X and a, let (i'n)„<^ be an X © 0(2a)"Computable enumeration of the ver- 
tices of 0(2a)). For any n,m < uj we can ask X © 0(2q) whether the edge 
{vn, Vm) belongs to the graph 0(2a)); this is uniform in X , a, n and m, and by 
assumption we always get an answer. Proposition 2.17 gives us a functional such 
that for all n,m < uj, X & 2'^ and nonzero a < d* , outputs a copy of Sa,i if the 
edge {vn,Vm) is in the graph G = 0(2a)), and otherwise gives a copy of <Sa,o- 
From this functional we can easily build a copy of G~". 

3. A Linear ordering 
We prove the following extension of Theorem 1.2: 
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Theorem 3.1. There is a countable linear ordering C whose degree spectrum con- 
sists of the non-hyperarithmetic degrees. 

Using the notation of the previous section, we make use of the following relativi- 
sation of a uniform version of a Theorem of Ash's (this is Theorem 18.15 of [AKOO]). 
Below, for X S 2" and an A-computable ordinal S, we again identify S with some 
X-notation for S, from which we also derive an X-computable well-ordering of lu of 
order-type S. 

Theorem 3.2. Let A G 2". For any linear ordering C and any a < u!^ , C has an 
X (^-20:) -computable copy if and only if uj°' ■ C has an X -computable copy. 

This is uniform in a: let S < oj^ be an X-computable ordinal. Suppose that $ is 
a Turing functional such that for all a < 6, La = ^{^(2a)-,ct) is a linear ordering. 
Then there is a Turing functional \1/ such that for all a < S, ^(X, a) is a linear 
ordering isomorphic to lu'^ ■ La • 

We also make use of a result of Frolov, Harizanov, Kalimullin, Kudinov and 
Miller from [?] . They combined coding families of sets in a shuffle sum of linear 
orderings with a result of Wehner's (similar to the one we used above) to show 
that there is a linear ordering whose degree spectrum is the collection of nonlow2 
degrees. 

Theorem 3.3. For every set Y there is a linear ordering Ly such that for all 
X Y , X computes a copy of Ly if and only if X" >t Y" . 

This is uniform in Y : there is a Turing functional O such that for all Y and all 
X such that X" >t Y" , e{X,Y) = Ly . 

Because adding an extremal point does not change the degree spectrum of a 
linear ordering, we may assume that every linear ordering Ly has a least element. 

The "ill-founded limit" of the linear orderings oj" ■ L is • Q, the linear 
ordering which contains densely many copies of wp^. To sec this, we need to use 
a generalisation of ordinal exponentiation oj" to ill-founded linear orders. For any 
linear order L, the linear ordering uj'~ is the collection of all functions f : L ^ lj 
which take the value on all but finitely many inputs, ordered by a "lexicographic" 
ordering: / g if for the £-least x such that f{x) ^ g{x) we have f{x) < g{x) (in 
w, of course). That this is indeed a generalisation of taking ordinal powers of uj can 
be seen by considering an inductive definition of a linear ordering (of order-type) 
u!^ for ordinals /3, using a directed system of linear orderings. At the successor step 
we let ~ u!^ ■ u), with the embedding taking oj^ to the leftmost copy uj^ x {0} 

of uj^ in oj^ ■ w; at limit stages we take direct limits. The direct construction of 
the linear ordering uj^ shows that a power rule holds: for linear orderings L and /C, 

Proposition 3.4. Let 5 be an ill-founded linear ordering whose maximal well- 
founded initial segment has order-type wf^. Let L be an countable linear ordering. 
Then lo^ ■ L is isomorphic to • Q. 

Proof. Let C be the maximal well-founded initial segment oi 5; so 5 — C has no 
least element. This means that w*"'^ is dense (with no endpoints). This, in turn, 
means that u)^~'~^ ■ L is also dense, and so is isomorphic to the rationals. Since 

, ,CK _ , ^ 

J -L^ w'^ ■ ■ L ^ w"!"" • Q ^ uj^^ ■ Q. □ 
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Armed with Theorems 3.2 and 3.3, we give a proof of Theorem 3.1. The hnear 
ordering in question is the sum 

Because C^^^^-^ has a least element, so does • . This means that if a set 

X computes a copy of /C, then it computes a copy of • Cq^^^^^ for all a < wf*^. 
In turn, this means that for all a < , Xf^2a) computes a copy of -Co^^^j j which 
means that X(^2a+2} >t 0(2a+2)- As we have seen in the previous section, it follows 
that X cannot be hyperarithmetic: if X 0(^)7 then for all a > /3 • a; we get 

X{a) =T 0(q)- 

It remains to show, then, that any nonhyperarithmetic set can compute a copy 
of K.. This is done slightly differently to the way we argued in the previous section. 
Here we will see that it is important that the sum K. is unlabelled. In the previous 
section it was not important that for nonstandard a, the graph G~" did not depend 
on a; it was just important that it did not depend on G. Here it is important that 
for nonstandard a, the linear ordering oj" ■ C depends on neither C nor a. 

The reason for this is that we cannot argue, as we did in the previous section, for 
all nonhyperarithmetic sets at once. We do not produce a single functional which 
outputs a copy of JC given any nonhyperarithmetic set. This is because we use a 
stronger form of overspill to stretch Ash's theorem beyond wp^ . We cannot obtain 
it for all sets X at once, as that is a H} statement. We stretch Ash's theorem 
for each X separately, and this means that we have to treat two distinct cases: 
= wf^ and cjf > wp^. 

Let X be a nonhyperarithmetic set. If = wp^, then an application of the 
overspill principle (equivalently, working in an ill-founded w-model of set theory H 
which contains X and omit wp^) yields a nonstandard X-computable ordinal i5* 
whose maximal well-founded initial segment has order- type wp^ , which supports a 
jump hierarchy and for which Theorem 3.2 holds: 

• For all Y X there are sets (^^(q)) for a < 5* which obey the recursive 
definition of a transfinite iteration of the Turing jump; and 

• If 4> is a Turing functional such that for all a < S* , ^{X^2a),ct) is a linear 
ordering Ca, then there is a Turing functional 4* such that for all a < S*, 
^'(X, a) is isomorphic to - Ca- 
in our application, we use Ca = ©(-'^(20); 0(2q))j where Q is given by Theorem 

3.3. For standard a < wp^, because X is not hyperarithmetic, X(2q+2) >t 0(2q+2)j 
and so for standard a we get Ca = ^%^-2a) ■ Because 0(2q) is computable from X(^2a) 
(even for nonstandard a), uniformly in a, we see that there is indeed a Turing 
functional $ such that for all a < 5* , <I>(X(2a),a) = Ca- Using the functional $ 
obtained from 'J, we get, uniformly m. a < 5 with oracle X, a copy ^'(X, a) of 
• Ca - In this way, 

1C{X)= *(^'") 

a<<5'' 

is computable from X- It is easy to show that 1C{X) is isomorphic to JC: for 
standard a < wp^ we have ^(X, a) = • -Cg^^^) i for nonstandard a £ 5* \ wp^ 
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we have ^(X, a) = wp^ • Q (Proposition 3.4), and any sum of copies of wp^ • Q is 
again isomorphic to ojp^ • Q. 

Now suppose that oj^ > wp^. We can then fix an X-computable copy of wf^, 
which we naturally also call wp^. The argument is now simpler. Applying Theorem 
3.2 to wp^, the argument above, using the fact that X is not hyperarithmetic, gives 
us, uniformly in a < wp^, an X-computable copy of w" • , and so X computes 
a copy of X^cKtjf K • jCq^^^^ . Because X computes a copy of wp^ and of course 
computes Q, it also computes a copy of wp^ • Q. Putting these together, we see 
that X computes a copy of /C. This completes the proof of Theorem 3.1. 



4. Distinguishing category and measure 

Theorem 4.1. There is a structure whose degree spectrum is null and co-meagre. 

Proof. In [SSUO], Shinoda and Slaman show that if C is a 112(0') co-meagre class 
defined as the intersection of uniformly dense open classes, then there is a co- 
meagre class pec such that the upward closure of V in the Turing degrees is a de- 
gree spectrum. In [D,JS9G], Downey, Jockusch and Stob show that there is a 112(0') 
co-meagre class as above: the collection of pb-generic sets, whose upward closure in 
the Turing degrees is the collection of array noncomputable degrees. Hence there is 
a co-meagre degree spectrum contained in the array non-computable degrees. The 
theorem follows from the fact that the collection of array noncomputable degrees 
is null. □ 



In the rest of this section, we prove the following: 

Theorem 4.2. There is a structure whose degree spectrum is meagre and co-null. 

Theorem 4.2 follows from applying Lemma 2.6 to the family S given by the 
following theorem: 

Theorem 4.3. There is a countable family S of subsets of N such that every 1- 
random set can enumerate X , but no 2-generic set can enumerate S . 

To prove Theorem 4.3, let (ee,cr)e<^ a£2<^ ^ computable array of positive 
rational numbers whose sum X^e o- ^^.o' smaller than 1. For every e < cj and 
(T £ 2'^'^ we define a countable family Se^a and uniformly, a c.e. operator A^^a- and a 
n° class ■Pe,(T whose measure is at least 1 — ee,a such that for all X G "Pe.cr, Ae,cr(X) 
is an enumeration of iSe.o-- We then let 

S = ^Se.a = {{(e,CT)}©^ : AeSe,a}- 
e,(T 

The uniformity of the array Ag^^- shows that every X in the class P = f]^ ^ Ve,a 
can enumerate iS. The measure of V is at least 1 — ^ ^e,G, and so V is non-null. 
By Kucera's [Kuc85], every 1-random set is Turing equivalent to some element of V , 
and so every 1-random set can enumerate S. 

Fix some e. We use the families Se,a to ensure that if G is 2-gencric, then $e(G) 
is not an enumeration of S\ here $e is the e**^ c.e. operator. From $e and tr we 
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can find a c.e. operator 5*6, cr such that for any X, if $e(^) is an enumeration of S, 
then 'i>e,(7{X) is an element of Se,cr- We would like it to be the case that if G is a 
generic set which extends a, then 'i>e,cr{G) is not an element of Se,a- We will not 
always be able to achieve this aim. We will be able to ensure that there is some 
T extending a such that for a sufficiently generic set G (1-generic will be enough), 
if G extends r then ^'e,cr(G) ^ Se,a- As we do this for each a, the collection of 
T which force that \E'e,cr(G) ^ Se.a- for some a is dense, and so if G is sufficiently 
generic (2-generic will suffice), <&e(G) cannot be an enumeration of S. Hence the 
collection of oracles X that can enumerate S is meagre. 

Fixing e and a, let {Tk)k<u} enumeration of all extensions of a. Let 5k = 

Sk{e,a) be positive binary rational numbers such that J2k<uj^t^ ^ ^e.o'' ^"^^ "fe ~ 
1/Sk, so Uk is a power of 2. Partition lu computably into sets Ik such that \Ik\ = Uk- 

At step k, working on Tk, we first tempt a generic set G extending Tk to enumerate 
an element of Ik into '^e,a{G). We will need to ensure that if G does not oblige, 
that is, if we find no extension p of Tk for which there is some Xk 6 Ik H '^(..aip), 
then we will have already ensured that "^^.aiG) ^ Se.a- We do this by enumerating 
elements of Ik into each set in Se,a- If we can find such an extension for every r^, 
then a 1-generic set G will contain Xk for infinitely many k. We then ensure that 
no set in Se.a contains infinitely many of the numbers Xk- To ensure this, we will 
need to "throw away" sets X which enumerate too many XkS into sets in Ke^a{X)] 
we need to make sure that we do not get rid of too many (in the sense of measure) 
such sets X. 

Note that while we are waiting for Xk to be defined (which may not happen), 
that is, while we are waiting for an extension p of Tk which enumerates an element 
of Ik into 4'e,cr(p), we need to enumerate various elements of 7^, among them Xk^ 
into sets in h.e.a{X). In advance, we cannot ensure that any particular element of 
Ik is enumerated by only few oracles, because if Xk is never defined, we still need 
to ensure that Ke^a{X) enumerates the same family Se,a for most oracles X . Thus 
Xk will be an elements of some sets in Se.a- But by passing to new sets (in a sense 
using some kind of priority between the "old" and the "new" parts oi Se,a) we can 
ensure that each element of Se^a contains only finitely many Xk- 

So for fc < oj, let Xk be the first number discovered such that there is some p 3 Tk 
with Xk G Ik n 4*6,(7 (p). If there is some k for which Xk is not defined (for all p ^ Tk, 
Ik n ^e,(j(/9) is empty), let k* = k*{e, a) be the least such k. Otherwise, let k* = uj. 
We can now define Se,a'- 

• If fc* = Lo, then A G Se.a if for some k < lu, Ik C] A \s & singleton, and for 
all j > k, Af^ Ij = Ij \ {xj]. 

• If fc* < cj, then A e Se.a if A n Ik* is a singleton, and for aU j > k* , AC] Ij 
is empty. 

The family Se.a is indeed countable. 
Claim 4.4. 

(1) U k* = LU and G D ct is 1-generic, then ^e.a{G) ^ Se,a- 

(2) If fc* < w and G D Tfe. , then '^e.aiG) i Se.a- 

Proof. If k* < UJ, then for all G Z) Tk* , Ik* H ^e.a(G) is empty. On the other hand, 
for all A G Se,a, Ik* n A is nonempty. 

Suppose that k* = w, and that G D a is 1-generic. Then for infinitely many k, 
Xk S '^e,a{G), whereas for all A e Se.a, Xk G A for only finitely many k. □ 
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Claim 4.5. If G is 2-generic, then G cannot enumerate S. 

Proof. Let G be 2-generic, and let e < lu. We show that there is some a such that 
^e,cr(G) ^ Se,(T, which shows that $e(G) is not an enumeration of S. 

If there is some a C G such that k*{e,a) = oj, then by Claim 4.4(1), \E'e,(j(G) ^ 
Se,a- Otherwise, consider the set D of strings Tfc.je.tr) as cr ranges over the strings 
such that k*{e,a) < ur. Then D is aHl collection of strings which is dense around 
G, and so G has some initial segment in D. By Claim 4.4(2), ^e.o-(G) ^ Se,cr for 
some initial segment cr of G. □ 



We turn to the definition of A^^a- For any X G 2", we think of Ae^a{X) as 
enumerating sets Ak^x,F{X), indexed by fc ^ k* (of course we mean fc < w if 
k* = uj), X e Ik and F C \Jj^^.Ij. For brevity, let Qk = Ik x V{[jj^^Ij) be the 
set of pairs {x,F) with x € Ik and F C Let {sk)k<k* ^ computable 

increasing sequence of stages such that at stage Sk we observe Xk', let s_i = 0. Then 
in practice, at stage Sk-i, we associate each triple {k,x,F) for {x,F) € Qk with a 
fresh index n, and will let Ae.o.(^)'"l = Ak.x.ri^)- At stage s which is not equal to 
Sk for any k, if Ae^ai^)^''^^ has not yet been associated with any set Ak^x,FiX), then 
we declare that Ae^o.(A^)'*' = Ae^^{Xy'^^^^ . In this way we ensure that Ae,cr(Ar) is 
an enumeration of the family Q^ ,^[X) = {Ak.x.pi^) ■ k ^ k* & {x,F) G Qk}- 

Let k ^ 0. At stage Sk-i we do the following. 

• For all A" e 2" and all {x, F) e Qk, enumerate F U {x} into Ak.x.riX). 

• If fc ^ 1, partition Cantor space 2" into Uk many clopen sets Cx.k for x £ Ik, 
each of measure Sk- Let x G Ik; for all j ^ fc, for all {y,F) G Qj, and all 
X 6 Cjj^fc, enumerate x into Aj^y^p{X). 

• If fc ^ 2, for all j < fc - 1 and aU (y, i^) £ Q^, for all X € 2'*^ \ Cx^^^,k-i, 
enumerate all of Ik^i \ {xk-i} into Aj^y^p{X). 

This defines the family C7e.cr(A') of sets Ak.x.F{X) for all X, and so the functional 
Ae,^. For positive k < k* , let Vk = Vk{e,<7) 2" \C^,,fc; let Ve,a = ^k<k- 'Pk- The 
class Ve.a is a II" class (uniformly in e and cr), and the measure of V^a is at least 
1 — J2k<Lo ^ f ~ ^e,a- What remains is to show that for all X G 'Pe,a, Ae.cr{X) is 
an enumeration of iSe.o-, that is, that for each X 6 Ve.a we have Se^a = Ge,iT{X). 

Claim 4.6. Let X e V^.a- Let k < k* and {x,F) £ Qk- 

(1) If k* = u, then Ak,xMX) =FU{x}U [jj>kilj \ i^j})- 

(2) If k* < uj, then Ak,x,F{X) B U {y} where (y,B) G Qa,-. If fc = fc* then 

^fc*,x,F = i^U{x}.' ' 

Proof. Suppose that fc* ~ lu. At stage Sfc_i, we enumerate FU {x} into Ak^x.F{X); 
at later stages we do not enumerate any other element of 1Jj<a, Ij into Ak^x,FiX). 
Let j > fc. At stage Sj-i we enumerate y into ^^^^^^^^(X), where X G Cyj. Since 
X ^ Cxj,j, we have y 7^ Xj. At stage Sj we enumerate the rest of Ij \ {xj} into 
Ak,x,F{X)\ at no later stage is Xj enumerated into Ak,x,F(X). 

Now suppose that fc* < w. At stages Sj_i for j < fc*, only numbers in lJi<fe* 
are enumerated into Ak,x.F- If fc < fc*, then at stage Sfc*-i we enumerate y into 
Ak,x,F{X), where X G Cj^.fc*; no other element of Ik* is enumerated into Ak,x,FiX). 
If fc = fc* then at stage Sk*-i we enumerate FU {x} into Afe_a,_i?(X). In either case, 
as Sk'-i is the last stage at which we enumerate any numbers into Ak^x,F{X), we 
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see that Ik* n Ak,x,F{X) is a singleton; and that for ah j > k*, no element of Ij is 
ever enumerated into Ak^x.piX). □ 

A short examination of the definition of Qe,a now shows that for all X G Ve,a, 
Qe,a{X) = Se,cr- This Completes the proof of Theorem 4.3. 
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